arXiv:1501.06157v2 [math.CA] 16 Oct 2015 


INFINITE FAMILIES OF HARMONIC SELF-MAPS OF SPHERES 


ANNA SIFFERT * 1 

Abstract. For each of the spheres § n , n > 5, we construct a new infinite family of 
harmonic self-maps, and prove that their members have Brouwer degree ±1 or ±3. 
These self-maps are obtained by solving a singular boundary value problem. As an 
application we show that for each of the special orthogonal groups SO(4), SO(5), SO(6) 
and SO(7) there exists two infinite families of harmonic self-maps. 


1. Introduction 

Let tp : ( M, g) — > (IV, h) be a smooth map between Riemannian manifolds and U a 
domain of M with piecewise C 1 boundary. The energy functional of <p over U is given 
by 

Eu(<p) = / \d(f\ 2 UJg. 

Ju 

A smooth map / : M —> N is called harmonic if it is a critical point of the energy 
functional. For the special case M = N = S n , where S n is equipped with the standard 
metric, the Euler-Lagrange equations of the energy functional are given by the elliptic 
system 

A/ + |d/| 2 / = 0, 

where A denotes the Laplace-Beltrami operator for the sphere S n . Finding solutions of 
this partial differential equation is difficult in general. By imposing symmetry conditions 
on the solution one can sometimes reduce this problem to finding solutions of an ordinary 
differential equation. 

In this paper we restrict ourselves to self-maps of spheres which are equivariant with 
respect to the cohomogeneity one action 

SO(m 0 + l) xSO(mi + l) xS mo+mi+1 ^S mo+mi+1 , ° ^ v. 

In this case the Euler Lagrange equations reduce to the singular ordinary differential 
equation 

r(t) = ({mi—mo) esc 2t — (m 0 +mi) cot 2t) r(t) + m ° Tsh^t • 

It was shown in m that each solution of this ordinary differential equation which 
satisfies r(0) = 0 and r( |) = (2£ + \)%,t € Z, yields a harmonic self-map of § m o+mi+i i 
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The above ordinary differential equation and boundary value problem are henceforth 
referred to as (mo,mi)-ODE and (mo,mi)-BVP, respectively. 

The goal of this paper is the construction of solutions of the (mo,mi)-BVP and the 
examination of their properties. 

Initial value problem. In order to find solutions of the (mo, mi)-BVP we use a shooting 
method at the degenerate point t = 0. This is possible since for each there exists 

a unique solution r v of the (mo, mi)-ODE with r(0) = 0 and r(0) = v. This initial value 
problem is solved in Section|3j 

The cases 2 < mo < 5. We show that for 2 < mo < 5 there exist infinitely many solutions 
of the (m-o, mi)-BVP. These solutions are labeled by the number of intersections of r 
and f, the so-called nodal number. 

Theorem A: Let 2 < mo < 5 and mo < mi. For each k £ N there exists a solution of 
the (mo,mi)-BVP with nodal number k. 

For the special case that the multiplicities coincide, reflecting a solution of the (m, m)- 
BVP on the point yields again a solution of the (m, m)-BVP. We use this fact to 

show that for 2 < m < 5 there exist infinitely many solutions of the (m, m)-BVP with 
nodal number 0. 

Theorem B: If mo = m\ =: m and 2 < m < 5 there exists a countably infinite family 
of solutions of the (m, m)-BVP with nodal number 0. 

Theorem A and B are proved in Section]!] and Section]!)] respectively. 

The cases mo > 6. We explain why for mo > 6 a construction analogous to that for 
the cases 2 < mo < 5 is not possible. The reason is simply that for mo > 6 the nodal 
number is bounded from above. 

Theorem C: Let r v be the solution of the (mo,mi)-ODE with initial values r(0) = 0 
and r(0) = v. For mo > 6 the nodal number of r v , v £ M, is bounded from above by a 
constant which only depends on mo and mi. 

These results can be found in Section[5j 

Limiting configuration. We prove that the solutions of the (mo, mi)-BVP converge against 
a limiting configuration when the initial velocity goes to infinity: we show that for large 
initial velocities r v becomes arbitrarily close to ^ on the interval (0, ^). 

Theorem D: For to,t\ £ (0, f) and each e > 0 there exists a initial velocity vq such 
that | r v (t) — ^| < e for all t £ (to,^i) and v > vq. 

This result can be found in Section^ 

Brouwer degree. Let r be a solution of the (mo,mi)-BVP. From Theorem3.4 in [ IT] we 
deduce that the Brouwer degree of is given by 


deg(Vv) 


2^+1 if mo and mi are even; 

— 1 if £,niQ odd and mi even; 

+1 otherwise, 
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where t is the integer determined by r(^) = (2£ + 1)1]. By a careful examination of 
the (mo,mi)-ODE we determine the possible l£Z and thus obtain restrictions for the 
Brouwer degree. 

Theorem E: For each solution r of the (mo, mi)-BVP, the Brouwer degree of ip r is ±1 
or ±3. 

Afterwards we prove that for large initial velocities the Brouwer degree of each solution 
of the (mo,mi)-BVP is ±1. 

Theorem F: There exists a vq E M such that each solution of the (mo,mi)-BVP with 
initial velocity v > vo has Brouwer degree ±1. 

Numerical experiments indicate that there does not exist a solution r of the (mo, mi)- 
BVP such that the Brouwer degree of ip r is ±3. 

Theorems E and F are proved in Section[7j 

Application. By combining a result of [15] with Theorems A and B we obtain the fol¬ 
lowing theorem. 

Theorem G: For each of the special orthogonal groups SO(4), SO(5), SO(6) and SO(7) 
there exists two infinite families of harmonic self-maps. 

This theorem can be found in Section[6l 

The paper is organized as follows: after giving some background information in Sec¬ 
tion]^ we provide the preliminaries in Section[3j In Section[4]we carry out the construc¬ 
tion of infinitely many solutions of the (mo,mi)-BVP where 2 < mo < 5 and thereby 
prove Theorem A. Afterwards, in Section[5j we deal with the cases mo > 6 and explain 
why an analogous construction to that of the cases 2 < mo < 5 is not possible; we 
in particular prove Theorem C. In Section[6] we investigate the behavior of these solu¬ 
tions of the initial value problem with large initial velocities and prove Theorem D. As 
a byproduct we prove Theorem B. Form this theorem and Theorem A we deduce Theo¬ 
rem G. Finally, in Section[7]we give restrictions for the possible the Brouwer degrees of 
the solutions of the (mo,mi)-BVP; we in particular prove TheoremsE and F. 

Note that while the results of Section[3] are needed throughout the paper, Sections 3, 4, 
5 and 6 can be read independently from each other. 

2. Previous results 

2.1. Harmonic maps between spheres. In this subsection we give a short and there¬ 
fore incomplete survey on harmonic maps. The emphasize lies on harmonic maps be¬ 
tween spheres. 

The study of harmonic maps is an old problem which occupied generations of math¬ 
ematicians. It received a significant boost in the last century by the paper of Eells and 
Sampson [8j. The basic question these authors examine is: does every homotopy class of 
maps between Riemannian manifolds admit a harmonic representative? For the special 
case that the target manifold is compact and all its sectional curvatures are nonnegative 
they gave a positive answer to this question. In contrast to this, for the case that the 
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target manifold also admits positiv sectional curvatures the answer to this question is 
only known in special cases. Even for maps between spheres this question is still open. 

The paper of Eells and Sampson j8| was the starting point for a wealth of papers 
in which the classification and construction of harmonic maps between Riemannian 
manifolds has been pursued, see e.g. la® gamma Ena and the references therein. Due 
to the amount of existing results in the literature we will only mention those which have 
a direct relevance for this paper, we will in particular restrict ourselves to harmonic 
self-maps of spheres. For an introduction to harmonic maps we refer the reader to the 
book of Eells and Ratto [7] . 

As already mentioned in the introduction, additional symmetry assumptions can 
sometimes reduce the problem of constructing harmonic maps to finding solutions of 
an ordinary differential equation. For the general reduction theory we refer the reader 
to [?]. For the special case of harmonic maps between spheres there exists two basic 
reduction methods, the so-called harmonic Hopf and join constructions. Both of them 
we introduced by Smith m- While the Hopf construction is used for constructing ho- 
motopically nontrivial maps between spheres of large dimensions, the Join construction 
aims to the construction of homotopically nontrivial maps between spheres of small di¬ 
mensions. Smith modified the Hopf construction and the Join construction such that 
it give a harmonic representative in the homotopy class of the Hopf map and join, 
respectively. Below we give a short survey of both reduction methods. 

Recall that a map / : § p_1 —» § 9_1 with p, q > 2 is called an eigenmap with eigenvalue 
A if \df\ 2 = A. It is well-known that / is a harmonic eigenmap if and only if the 
components of / are harmonic polynomials of common degree d, which in particular 
implies A = d(p + d— 2). Furthermore, for non negative integers Pi,P 2 ,Q > 2 a harmonic 
map / : § Pl_1 x § P2_1 — y S 9 " 1 is called a bi-eigenmap with eigenvalues Ai,A 2 if for 
all x\ E SP 1 ^ 1 and all X 2 E § P2_1 the restrictions f(-,x 2 ) and f(x 1 , •) are harmonic 
eigenmaps with eigenvalues Ai and A 2 , respectively. 

Hopf Construction. In algebraic topology the Hopf construction of a map / : § Pl X 
§ P2 —* S 9 ^ 1 is given by Hf : §pi+P 2 +i § 9 , (aq sin t, X 2 cost) (/(aq, X 2 ) sin2t, cos 2t), 
where x E § P1 + P2+1 is written uniquely (with exemption of a set of measure zero) as 
x = (x'i sin t, X 2 cos t) for x\ E § Pl , X 2 E § P2 and t E [0, |]. Smith |16j proved that 

H(xisint, X 2 cos t) = (f(x\, X 2 ) sinu(f), cosu(i)), 

for some function u : [0, |] —> [0,7r] yields a harmonic map homotopic to Hf if / is a 
harmonic bi-eigenmap with eigenvalues Ai, A 2 E N and u satisfies 

u(t) + (pi cot t — p 2 tan t)u{t) - ^ sin 2 u(t) = 0, 

with u(0) = 0 and it(|) = ir. All constructions of harmonic maps based on this method 
crucially used that A 2 is a positive integer. If we allow A 2 to be negative, then for the 
special case p\ = \\ = mo, P 2 = mi, A 2 = —mi and u = r the preceding ordinary 
differential equation coincides with the (mo,mi)-ODE. The boundary condition at f is 
however not of the form of that of the (mo, mi)-BVP. 





5 


Join Construction. The join of two homogeneous polynomials /) : § Pi —> S 9i , i £ 

{1, 2}, is given by Jf 1 j 2 : §pi+P 2 +1 S 9 i + 92 + i, (xi sint, x 2 cost) i->- (/i(.ti) sin t, f 2 {x 2 ) cost), 

where aq and X 2 are defined as above. Smith [16] proved that whenever /i ,/2 are har¬ 
monic eigenmaps with eigenvalues Ai,A 2 , then the ansatz 

J(xi sinf, X 2 cos t) = (/i(xi) sinu(t), 72 (^ 2 ) cosu(t)), 

for some function u : [ 0 , |] —> [ 0 , ]}], yields a harmonic map homotopic to Jf lt f 2 if u 
satisfies 

u{t) + (pi cot t - p 2 tan t)u(t) - \ sin 2 u(t) = 0 , 

u( 0) = 0, u(f) = f and 0 < u < All constructions of harmonic maps based on this 
method crucially used that u only attains values between 0 and For the special case 
Pi = Ai = mo, P2 = A2 = mi and u = r the preceding ordinary differential equation 
coincides with the (mo,mi)-ODE. Most solutions we found numerically however do not 
satisfy 0 < u < ^, meaning that the constructions in the literature are not suited to our 
boundary value problem. 

2.2. Harmonic maps between cohomogeneity one manifolds. In this subsection 
we explain in which context the (?no,mi)-BYP arises. 

The equivariant homotopy classes of equivariant self-maps of compact cohomogeneity 
one manifolds whose orbit space is a closed interval form an infinite family. In [T5] the 
problem of finding harmonic representatives of these homotopy classes was reduced to 
solving singular boundary value problems for nonlinear second order ordinary differential 
equations. 

Below we consider the special case of isometric cohomogeneity one actions G x 8 n+1 —> 
§ n+1 where G is a subgroup of SO (n + 2 ). The orbits of any such action yield an 
isoparametric foliation of the sphere. The data of such a foliation are the numbers g 
of distinct principal curvatures of the isoparametric hypersurfaces and the multiplicities 
m 0 ,... If g is odd, all multiplicities coincide m := tuq = ... = m g -\. If g is 

even, we have mo = ... = m 5 _2 and mi = m 3 = ... = m g -\. Miinzner [13] proved 
g £ {1,2,3,4, 6 }. For g = 1 and g = 2 there are no restrictions for the multiplicities; 
for g = 3 all multiplicities coincide and are either given by 1, 2,4 or 8 |3]; for g = 4 the 
possible multiplicities can be found in [9]; for g = 6 all multiplicities coincide and are 
given by 1 or 2 [lj. 

Let H denote the principal isotropy group (along one normal geodesic) of the coho¬ 
mogeneity one action G x § n+1 —> § n+1 . It was shown in m that the map 

Vy : G/Hx] 0, 7 r/ 5 [->. G/H x R, (gH, t ) (gH, r(t)), 

is harmonic if and only if r solves the boundary value problem 
( 2 . 1 ) r(t) = - 4 ^ 2 gt {(g(m . 0 + mi) sin 2 gt + 2 g(m 0 - mi)smgt)r(t) 

—g(g — 2 ) sin 2 (?’ — t)(mo + m-i + (mo — m\) cos gt) 

— 2 gsin( 2 (r — t) + gt)((mo + mi) cos gt + mo — mi)}, 
with lim^o r (t ) = 0 and \\m t ^.^/ g r(t ) = (gk + 1)^ for a k £ Z. 
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For g = 2 this boundary value problem reduces to the (mo, mi)-BVP. 


2.3. What is known? In this subsection we explain which of the boundary values (2.1) 
are discussed in former papers. 

The case g = 1 was considered by Bizon and Chmaj: in [3] they studied the boundary 
value problem 

f(t) = \mcsc 2 t( sin2r(t) — sin2f • r(t)), r(0) = 0, r(n) = £tt, £ G Z. 


This is the boundary value problem associated to the cohomogeneity one actions whose 
orbits are homogeneous isoparametric hypersurfaces in spheres with one principal cur¬ 
vature of multiplicity m. Since Bizon and Chmaj were seeking for point or reflection 
symmetric solutions, they could use a shooting method at the regular point t = § to 
construct solutions with one of these additional symmetries. Thereby they proved that 
for each of the cases 2 < m < 5 there exists an infinite family of harmonic self-maps of 

g2m+l 

Although Theorem A has a certain similarity to the result of Bizon and Chmaj, the 
methods to prove it are different. Clearly, the fact that in the case of the (mo, mi)-BVP 
we have to deal with two possibly distinct multiplicities makes the situation more com¬ 
plicated. But even if the multiplicities coincide there a more complications: numerical 
experiments indicate that up to finitely many exceptions the solutions of the (mo,mi)- 
BVP are neither point nor reflection symmetric. This means we have to consider a 
shooting method at a singular point rather than at a regular one. 


Baird [2] derived the boundary value problem for g = 4; see equation (5.3.25) in [2]. 
Since the methods used to construct some individual solutions of these equation differ 
from those used in this paper we refer the reader to the book of Baird for more details. 


3. Preliminaries 

This section serves as preparation for the following sections. In the first subsection 
we introduce another variable which we will use throughout this paper. Afterwards, in 
the second subsection, we prove that for each t)£l there exists a unique solution r v of 
the (mo, mi)-ODE with r v (t)u =0 = 0. Finally, in the third subsection we provide several 
restrictions for solutions r of the (mo,mi)-ODE. 

3.1. The variable x. Throughout this paper we will use not only the variable t but also 
the variable x = log(tanf). In terms of the variable x = log(tanf) the (mo, mi)-BVP is 
given by 

r"(x) = ^ ((mo+mi — 2) tanhx + m\— mo) r'(x) 

— j ((m-o+mi) tanhx + mi—mo) sin 2 r(x), 

with lim x ^_ oc , r(x) = 0 and lim^oo r(x) = (2£+l) |, £ € Z. It is convenient to introduce 
the functions a mo , mi , /3 mo , mi : M M by 

a mo ,m 1 : X I-A \ ((mo + mi - 2) tanhx + mi - m 0 ) 




7 


and /3 mo , mi = |am 0 +i,mi+i such that the (m 0 , mi)-ODE is given by 
r"(x) - a mo , mi (x)r'{x) + /3 mo , mi (x) sin 2r(x) = 0 . 

We have ai ; i = 0. If mi > 1 then aq mi > 0 with lim 2; _ 5 ._ 00 ai jmi (x) = 0. 


Notation 3.1: For mo > 1, we denote by mi G M the unique zero of the function 
If m-o = 1 and mi > 1, then we set = —oo. Furthermore, we denote by 

Zm 0 ,mi £ K the unique zero of the function /3 mo , mi . 

3.2. Initial value problem. In order to solve the initial value problem at t = 0 we use 
a theorem of Malgrange in the version that can be found in [10]. 

Theorem of Malgrange (Theorem 4.7 in [10]): Consider the singular initial value 
problem 


(3-1) y = jM_x(y) + M(t,y), 2 /( 0 ) = y 0 , 


where y takes values in M_i : is a smooth function of y in a neighborhood 

of I/O and M : M x is smooth in t, y in a neighborhood of (0, 2 /o) - Assume that 


(i) M_i(y 0 ) = 0, 

(ii) hid — d yo M -1 is invertible for all h G N, h > 1. 

Then there exists a unique solution y(t) of (3.1). Furthermore y depends continuously 
on 2/0 satisfying (i) and (ii). 


Lemma 3.2: For each »eR the initial value problem r(t)\ t=0 = 0, r(0) := ^r(t)\ t=0 = 
v has a unique solution r v . The functions r v and 4ir v depend continuously on v. Fur¬ 
thermore, there exists no to £ K- with r v (to) = | and r v (to) = 0. 

Proof. We introduce the variable s = t 2 and the operator 9 = s(^. Clearly, A = -A9 
and (jp = — 2 9 + |$ 2 . In terms of s and 9 the ODE is given by 

9 2 r = \9r - 2si ^^ ((m 0 + mi) cos(2^/s) + (m 0 - mi)) 9r 

+ esc 2 ( 2 \/s)(mo — mi + (mo — mi) cos( 2 i/s)) sin 2 ?’. 

Next we rewrite this ODE as a first order system 

9(r) = 9r , 6 (Or) = if 


and we compute the partial derivatives of the right hand sides with respect to r and 9r 
at s = 0. We thus obtain 


(l* 

J | s= 0 


( 0 

\\rno 


i(! — m-o) 


Since the eigenvalues of this matrix are given by | and — ^, the Theorem of Malgrange 
states that a formal power series solution of this equation converges to a unique solution 
in a neighborhood of s = 0. This solution depends continuously on v. □ 


Introduce the new variable u = | — t. Similarly as in the above lemma one proves for 
each wGR the initial value problem r(u)\ u=0 = {2k + 1 )|, f^r(u)\ u=0 = v has a unique 
solution. 
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3.3. Restrictions for r. In this subsection we prove that there exists a constant 
d ~ n o mi € M such that for each solution r of the (mo, mi)-ODE with lim 3 ,_ > ._ 0O r(x) = 0 
either 0 < r(x) < it or — n < r(x) < 0, for all x < d” 0 ,mr Furthermore, we show that if 
r is a solution of the (mo,mi)-BVP then there exist d+ 0 mi € M and 4) G Z such that 
( 24 i + 1)| < r(x) < (2£o + 3)^ for all x > d^ 0 ,mr the following picture one can find 
a sketch of one solution with £q = 0. Since we do not know anything about the behavior 
of the solutions in the interval [d^ mi , <4n omi ] the line is dotted in this region. 



3.3.1. Behavior for large positive x. An important tool throughout this subsection is 
the map Wf nQ mi : M —> M defined by x ^r'(x) 2 + (x) sin 2 r(x), which turns out 

to be a Lyapunov function. 

Lemma 3.3: Either Wf nom 1 increases strictly on [Z^ mi , oo) or Wf lQ m] = 0. If the 
latter case occurs then r is constant. 

Proof. By using the (mo,mi)-ODE we get 

£ W m 0 , mi ( x ) = Oi mo,mi{x)r'{x) 2 + sin 2 r(x). 

Thus S^ / momi( a ') > 0 for x > Z^ mi . If Wf nQnn increases strictly there is nothing 
to prove. Hence we may assume that there exists a point xo > Zf^ omi such that 
= 0, which implies r(x o) = loir for an £q e Z. 

If (mo, mi) / (1,1) and x 0 > mi , then ^W^ 0 imi (x 0 ) = 0 also yields r'(xo) = 0. 
Hence, by the theorem of Picard-Lindelof we have r = Iq-k and thus m = 0. 

Hence only the cases (mo, mi) = (1,1) or xo = is satisfied remain to consider. 

If also r'(x o) = 0 then the same argument as above yields W£^ mi = 0. Finally, if 
r'(x o) / 0 there exists a connected neighborhood U C [2" 0]mi , oo) of xo such that 
r'(x) 0 and r(x) 7 ^ Itt for all x E U — {xo}. Consequently, Wf l(j mi (x ) > 0 for all 

x£l/-{x 0 } and thus Wf riQ m , increases strictly. □ 

Using the above lemma we show that on the interval [Zff Q mi ,oo) the hrst derivative 
of any solution r of the (mo,mi)-BVP is bounded. 
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Lemma 3.4: For any solution r of the (mo, m\)-ODE with linx^oo r(x) = (2£ T 1)|, 
£ E Z, we have |r'(x)|< y/m{ for x > Zm 0 , mi and |r'(x)|< y/m\ T 1 for x > Zff omi . 

Proof. If r is constant there is nothing to prove. Hence we may assume that r is 
non-constant. Using the assumption lim x ^. oc r(x) = {21 T 1)§, l E Z, we obtain 
lirn^oc Wf no rri] (x) = Since for x > Zm 0 ,mi both summands in the definition of 
Wfn omi {x) are positive and mi increases strictly on the interval [Z“ omi ,oo), we 
get ^ > Wf rlQ mi (x) > ^r'(x) 2 for x > Zm 0 , mi , whence the first claim. Furthermore, 

IT ^ C 0 ,m» > |r'(x) 2 + p mo , mi (Z° 0imi ) sin 2 r(x) > \r'{x) 2 - ± 
for all x E [Z^ 0 mi , Zm 0 , mi ], whence the second claim. □ 

In the following lemma we prove that each solution of the (mo,mi)-ODE either con¬ 
verges to T infinity or to (2£q + 1)1}, £q E Z, as x converges to infinity. 


Lemma 3.5: Let m\ > 2 and r be a non-constant solution of the (mo, m\)-ODE. Either 
there exists Iq E Z such that lim x _^oo r{x) = (2^o T l)f or lim^oo r(x) = Too. 

Proof. If lim^oo r'(x) = 0 then by Lemma 3.3 lim WL m Ax) = lim sin 2 r(x) 

X —^OO 0,1 Z X^OO 

exists. Thus L := lim^^oo r{x) exists and is finite and the (mo,mi)-ODE implies 
lirn^oo r"{x) = sin2 L. Consequently, L = £q it or L = £qtt + | for an £q E Z. 

If L = •£o 7r we get linx^oo W^ 0)mi (x) = 0. Since Wf Lo mi { 0) > 0, Lemma [T3| implies 
Wfn mi = 0. However, this in turn yields r = £qtt which contradicts the assumption 


that r is non-constant. Hence lim x ^ oc r'{x ) = 0 implies linx^ 
When lirn^oo r'{x) / Owe get lim^oo Jx) / 0. 


, r{x) = £qtt T §. 


for all x > Z° 


we get lirn^oc Wf 


Since £W^ mi {x) > 0 
(x) = oo and thus linx^oo r'{x ) 2 = oo. Hence, 


YVV ' AAAxi £—>oo r r mo,mi 

for every e E M+ there exists a point xo E M such that Ir* 7 (ac)|> e for all x > xo- Thus 
lirn^oo r(x) = Too. □ 

So far we have not find any restrictions for the possible £q E Z - this will be done in 
Section]?} In the following lemma we improve the result of Lemma 3.4 


Lemma 3.6: For m\ >2 let B = 2 (m|-i) ' There exists c m0imi E M snc/i that 

(i) if r'{x o) > H /or an xo > c mQ)mi ttien lim^oo r(x) = oo, 

(ii) if r'{x 0 ) < -H /or an x 0 > c m0imi t/ien lim^oo r(x) = -oo. 

Proof. We introduce the quotient function q m( . rn . : M —> M U {Too} ,x W . If 

mo < mi then q m0) m i increases strictly on the interval I = (Z“ lQ TO] ,oo) and satisfies 
Irn((/ m0)m , ,j) = (—oo, B ). The unique solution x > Z“ 0 mi of q mo ,mi{x) = —B is denoted 
by c m0jmi . If m 0 = mi =: m then q mtin = B and we set c m , m = 0. 

The strategy for the proof of (i) is the following: we show that the existence of a 
point xo > c m0imi with r'(xo) > B implies r"{x) > 0 for all x > xq. Consequently, 
r'{x) > r'(x o) > B > 0 for all x > xo and thus linx^oo r(x) = oo. 

First we prove r"(xo) > 0: since |(/m 0 ,mi(-'c)|< B for x > c m0imi we have 
Qmo,mi i x ) sin 2r(x) < B for x > c mo , mi . 
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Thus B < r'(x o) yields q mo ,mi(xo) sin2r(xo) < r'{x o). The (mo,mi)-ODE implies 
qm 0 ,m 1 (x)sin2r(x) < r'(x) r"(x) > 0 for all x > Zf omi . 

Since xq > c m0imi > Z(f Qmi , we thus obtain r" [x o) > 0. 

Next suppose that there exists a point x\ > xq such that r"(x\) = 0 and r"{x) > 0 for 
all x £ [xo,xi). Hence, r'(x) > r'(xo) > B for all x £ (xo,xi). Since r' is a continuous 
function we thus obtain r'(xi) > B > q rno ;m] (xi) sin 2r(xi). This inequality is equivalent 
to r"(x i) > 0 contradicting our assumption. Therefore r"{x) > 0 for all x > xq and 
thus r'(x) > r'(xo) > B for all x > xq. Hence, lim^oo r{x) = oo. 

The second statement is obtained by the first by considering — r. □ 

The next lemma states that for large enough x the graph of each solution of the 
(mo, mi)-BVP is contained in a stripe of height n. 

Lemma 3.7: For m\ > 2 there exists d.F Q m| £ M such that one of the following three 
cases arises: 

(i) there exists an £o £ Z with (24 + 1)| < r(x) < (2 £q + 3)| for all x > d+ 0 ,mi- 
Then either r = (2£q + l)|,(2^o + 2)f,(2t'o + 3)§ or, if r is non-constant, 
lirn^oo r(x) = (24 ± 1)|. 

(ii) there exist xq > dm 0 ,mi an d 4 £ Z such that r(x o) = (24 + 3) and r'(x o) > 0. 
Then lim^oo r(x) = oo. 

(in) there exist xo > dm 0imi and 4 € Z such that r{x o) = (24 + 3) and r'{x o) < 0. 
Then lim^oo r(x) = —oo. 

Proof. The equation 2(i rno , rm (x) = B 2 has a unique solution which we denote by mi . 

Assume that there exist &Z and xo > dm 0i mi ^ ® such that r(xo) = (24 + 3)|. If 
r is a solution of the (mo, mi)-ODE, so is r + jn for each j £ Z. Thus we may without 
loss of generality assume = —1. If r\x o) = 0 the theorem of Picard-Lindelof implies 
r = Hence only the case r'(xo) ^ 0 remains to consider. We can assume without loss 
of generality r'(x o) > 0: if r'(x o) < 0 we consider —r + n instead of r. 

Since x 0 > i > Z m 0 ,m^ we § et «mo,mi(so) > 0. Using r'(x 0 ) > 0 the (m 0 ,mi)- 
ODE thus yields r"{x o) > 0. In what follows we assume that there exists no point 
xi > xo with r(xi) = 7r and r'(xi) > 0. 

If r"(x) > 0 for all x > xo, then r'(x) > r'(xo) > 0 for all x > xo- However, 
this implies the existence of a point xi > xo with r(xi) = ir and r'(x i) > 0, which 
contradicts our assumption. Consequently, there exists a point y > x o with r"(y) = 0 
such that r"{x) > 0 and ^ < r(x) < ^r for all x £ [xo,y). Thus r'(x) > r'(x o) > 0 for 
all x £ (xo ,y). Hence continuity of r and r' yield \ < r(y) < 7r and r'(y) > r'{x o) > 0, 
respectively. Since y > x 0 > d + o mi > Z^ 0imi > we get a mo , mi (y) > 0 and 

Pm 0 ,mi(y) > 0. Using the (mo,mi)-ODE we thus obtain r"(y) > 0, which contradicts 
our assumption. 

Therefore there exists x\ > xo with r(xi) = 7r and r'(x\) > 0. Thus Lemma [3.3| yields 
W,; 0 , mi (xi) - W^ 0)mi (x 0 ) = 5 (r'(xi) 2 - r'(x 0 ) 2 ) - ^ mo , mi (x 0 ) > 0. 
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Using xo > dm n ,m,\ — c m 0 ,m i and the fact that /3 mo , mi is an increasing function, we get 

implies linx^oo r(x) = oo. Consequently, either lim-^oo r{x) = ±oo or (2£q + l)jj < 
r(x) < (2£q + 3) 2 for x > 0>mi - Now the claim follows from Lemma [ih5| □ 

As already mentioned in Section[2] there are several properties which the solutions of 
the (mo, mi)-BVP and the solutions of the boundary value problem considered by Bizon 
and Chmaj in [3] have in common. Nevertheless, there are some decisive differences. 
One of them is the following: while Bizon and Chmaj construct infinitely many solutions 
which are symmetric with respect to the y-axis, this is not possible for the (mo,mi)- 
BVP. Indeed, the previous lemma implies that any solution of the (mo,mi)-BVP which 
is symmetric with respect to the y-axis, is constant. 

Theorem 3.8: Let mi > 2 and r be non-constant with lim x _ s ._ 00 r{x) = 0. Then r is 
either a solution of the (mo,mi)-BVP or satisfies lim x ^. 00 r(x) = Too. 

If r is a solution of the (mo, mfij-BVP then there exist dm 0jmi E M and Iq E Z such that 
(2£o + l)§ < r(x) < (2£o+ 3) | for all x > d+ o mi . Furthermore, in this case there exists 
a point xo > d+ o mi such that either r'(x) > 0 or r'{x) < 0, for all x > xq. 

Proof. To prove the claim, it is sufficient to show that in case (i) of Lemma |3.7| there 
exists a point xo > such that either r'(x) > 0 or r'(x) < 0 , for all x > xq. 

Since r is non-constant we may assume without loss of generality — ^ < r(x) < | for 
x > d + 0 mi and lim^^oo r(x) = j. Thus there exists xi > df lQ mi such that 0 < r(x) < \ 
for x > xi. By the theorem of Picard-Lindelof there exists X 2 > x\ with r'(x 2 ) 7 ^ 0. 

If r'(x 2 ) < 0 the (mo,mi)-ODE together with 0 < r(x) < ^ for x > xi imply 
r"(x) < 0 for all x > X 2 - Consequently, r'(x 2 ) < 0. By a similar argument, this in turn 
implies r"(x) < 0 for all x > X 2 and thus r'(x) < 0 for x > X 2 . Since 0 < r(x 2 ) < f 
this contradicts lim^oo r(x) = |. If r'(x 2 ) > 0 then we have r'(x) > 0 for all x > X 2 , 
otherwise we obtain a contradiction by the same argument as above. Setting xo = X 2 
establishes the claim. □ 

3.3.2. Behavior for large negative x. We introduce mi : M —> M, x >->• ^r'(x) 2 — 
/3m 0 ,m i(a:) cos 2 r(x), which turns out to be a Lyapunov function. The proof of the next 
lemma is omitted since it can be proved in analogy to the corresponding results of 
Subsection l3.3l 

Lemma 3.9: Either mi decreases strictly on (— 00 , m J or mi = 0. In any 

case lirn-r^-oo U r j( 0jmi (x) E M U { 00 } exists. If r satisfies lim^-oo r(x) = kir, k E Z, we 
have |r'(x)|< for x < 7“ om . 

In terms of the function <f> defined by <f{x) = r(—x) — ^ the (mo,mi)-ODE becomes 

(3.2) 4>"{x) - am u m 0 {x)(j)'(x) + firm,m 0 ( x ) sin 2(j>(x) = 0, 

which is the (?ni,mo)-ODE for fi. The next lemma yields restrictions for the first 
derivative of a solution f> of the (mi,mo)-BVP. 

Lemma 3.10: Let cf> be a solution of the {mi,mn)-ODE. 


r’{x 1) 2 > 2/3 m0;TOl (xo) > B 2 . Since r'(x 1 ) > Owe obtain r'(xi) > B. Hence Lemma 


3.6 
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(i) If ft{x o) > gmi,m 0 (^o) for a point x 0 > Z“ bmo t/ien Hindoo 0(x) = oo. 

(ii) Ifft(x 0 ) < -q mi ,m 0 (xo) for a point x 0 > Z“ imo then lim^oo ftx) = -oo. 


Proof. We assume that there exists a point xo > Z\ 
By ODE (3.2) the inequality ft'{ft) > 0 with x > Z\ 


mi,mo 
a 

mi,mo 


such that ft Oo) > q mi ,m 0 {xo). 
is equivalent to 


ft(x) > qm 1 ,m 0 (x) sin20(x). 


Since x 0 > i mQ we have q mi , mo {x o) > 0. Consequently, ft(x 0 ) > q mi ,m 0 (x 0 ) implies 
ftfxo) > 0. Next we assume that there exists a point xi > xo such that ft'{x) > 0 
for all x G [xo,xi) and ^"(xi) = 0. Since the function q mi , mo is strictly decreasing 
on the interval (Z" i mo ,oo), we obtain ft{x) > ft{x 0 ) > q mi ,m 0 fto) > q m 1 ,m 0 (x) for 
x G (xo, xi). Due to the continuity of the functions ft and q we get ft{x\) > q mi , mo ( x i)■ 
Since q mi ,m 0 {xi) > 0 we have ft'(x\) > 0, contradicting our assumption. Consequently, 
we have ft'{x) > 0 for all x > xo- This in turn yields ft ft) > ftfto) > q m \,mofto) > 0 
for all x > xo, which establishes the first claim. The second statement is obtained by 
the first by considering —<f instead of f. □ 


Theorem 3.11: For m o > 2 there exists d mQ mi G M such that for each solution r of 
the (mo,mi)-ODE with lim^^-oo r(x) = 0 either 0 < r(x) <7r or —7r < r(x) < 0, for 
all x < d mo mi . 


Proof. First we prove that for each solution <f of the ODE (3.2) there exist £q G Z 
and C m0)mi G M such that (2£o + 1)| < 4>ft) < (2ft + 3)| for all x > C m0imi , or 
lim^-^oo <f(x) = Too. Since the proof is similar to that of Lemma [3.7| some details are 
omitted. Again it is sufficient to deal with the case ft = — 1. 


Set C m0)mi = max {x G M | 2/3 mi)mo (x) = qm 1 ,m 0 ft) 2 } and assume that there exists a 
xo > Cmo,mi such that ffto) = 2 ■ Without loss of generality we can assume ftfto) > 0. 
Then there exists a point xi > xo with ffti) = n and ft ft \) > 0. 

Since Wm lt m 0 is increasing for x > Z!f lt rnQ , we obtain 


- W£ limo (zo) = - ^'(^o) 2 ) - Pmi,mo(. x 0) > 0 


and thus we get <//(xi) > q , mi,m 0 (2 ; o)) where we used xq > C m0imi and ft (xi ) > 0. 
Since q mi , mo is strictly decreasing on the interval (Zft mQ , oo) and xi > xq > C m0imi > 

implies linx^oo (j>(x) = oo. 


"mi,mo ’ 


we obtain ftfti) > q m i,m 0 fti)- Hence Lemma 


3.10 


Plugging in c/>(x) = r(—x) — | implies that there either exists an integer ft G Z such 
that < r(x) < (^o + l)7r for all x < —C m0imi or lim^-oo r(x) = Too. Since r 


satisfies lim x .^_ oc rft) = 0 we have ft G {—1,0}. Setting d. 
the claim. 


mo,mi — Cmo,mi establishes 

□ 


4. The cases 2 < m 0 < 5 

In the present section we prove Theorem A, i.e., we show that for 2 < mo < 5 there 
exit infinitely many solutions of the (mo,mi)-BVP and thus infinitely many harmonic 
maps between the spheres § m o+”u+i. p or the construction of the solutions we use a 
shooting method at the singular point t = 0. 
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For v G M let r v be as in Lemma [3l2| and set <p v := r v — We introduce the nodal 
number Tt(r„) of r v as the number of intersection points of r v with f. In other words, 
Tt(r„) denotes the number of zeros of ip v . The function n(x) = arctan(expx) solves 
the (rriQ. rn\ )-BVP with 9T(ri) = 0. The next lemma ensures that for 2 < mo < 5 we 
cannot increase v arbitrarily without increasing the nodal number of r v . Since the proof 
of Lemma 4.2 in m does not depend on the sign of A 2 , we obtain the following result. 

Lemma 4.1 (see m ): Let 2 < mo < 5. For each k G N there exists c(k ) > 0 such that 
Tt(r„) > k whenever v > c(k). 

We now prove Theorem A. The idea can be explained with the help of the following 
pictures. In the left picture a solution of the initial value problem with nodal number 




1 is sketched. By Lenmia [4~T1 the nodal number increases if we increases the initial 
velocity large enough. We will prove that the nodal number can increases always by 
1. So there exists an initial velocity for which the nodal number is given by 2; this 
situation is sketched in the right picture. Using an intermediate value theorem we prove 
that this implies the existence of a solution of the (mo,mi)-BVP with nodal number 1. 
Afterwards we proceed inductively to prove the claim. 

Theorem 4.2: Let 2 < m 0 < 5. For each k G No there exists a solution r v of the 
( mo,mi)-BVP with Tt(r„) = k. 

Proof. The function n(x) = arctan(exp(x)) solves the (mo,mi)-BVP with Tt(ri) = 0. 
Consequently, vq = sup{u | Tl(r^) = 0} is well-defined and Lemma |4~T| implies vq < 00. 

We prove by contradiction that Tl(r„ 0 ) = 0. Assume that there exists .To G M with 
r VQ (x 0 ) = f ■ By Lemma jT2] we have r(, 0 (xo) 0. Consequently, ip Vo has opposite signs 

in the intervals (—00, To) and (xo,oo), respectively. Since r v depends continuously on 
v there exists a sequence (ci)jgN with c* < vq, lim^oo Cj = vo and Tt (r Ci ) = 0. Thus 
each of the functions ip Ci has a different sign than <p Vo on the interval (to, 00). This 
contradicts the fact that tp v depends continuously on v. Consequently, Tt(r^ 0 ) = 0. 
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By Lemina |T2| there cannot exist a point xq E M such that r v (x o) = f and r(,(xo) = 0. 
Since r v depends continuously on v, an additional node can only arise at infinity, i.e., 
there exists e > 0 such that ip v has at least one zero zi(v) for each v E (uoji'o + e) 
and lim „^,, 0 z\{v) = oo. Lemma3.7 implies that we can choose e > 0 such that tp v has 
exactly one zero z\(v) for each v E (no,no + e). 

There exists v such that zi(v) < d+ 0imi for all n > n: if z\(v) > d+ Q mi for all 


n > no then Lemma [3?7| implies lim^^oo <p v (x) = oo for all v > vq . However, Lemma |4.l| 
ensures that for 2 < mo < 5 we cannot increase n arbitrarily without increasing the 
number of zeros of (p v . Since additional nodes have to arise at infinity such an v exists. 
By the preceding considerations m = sup{n | %l(r v ) = 1} is well-defined and m > no- 
Furthermore, Lemma|4.1| implies v\ < oo. 


We can now proceed inductively, i.e., Vk = sup{n | 9T(r„) = k} is well-defined, satisfies 
nj, > Vk-\ and is finite for each k E N. Analogously to the considerations for v\ we 
prove that <p Vk has exactly k zeros and that there exists e*, > 0 such that each ip v , 
v E (vk, Vk + £fc), has exactly k + 1 zeros. 


Finally, we prove that there exists E Z such that lim. x ^ 00 r Vi (x) = loir + | and 
thus each r Vi , i E N, is a solution of the (mo,mi)-BVP: if no such (?o £ Z exists, 
Lemma |3.5| implies lim^^oo r Vi (x) = Too. We may assume without loss of generality 
linx^oo r Vi (x) = — oo. Recall ^l(r Vi ) = i and Tt(r^) = i + 1 for v E (vi,Vi + e*). Conse¬ 
quently, for each v E (uj, Vi + e*) there exists x v E M such that tp v (x v ) = 0 and <p v (x ) > 0 
for all x > x v . Since ip v depends continuously on v we get lim„_ ) . t)i x v = oo. Hence there 
exists ii < e,; such that x v > d^ lQ m] for all v E {v l .v l + e,;)- Lemma [T7| thus implies 
limx-Kxj = oo for v E (vj, n* + e*). 


On the other hand, the fact that depends continuously on v implies that for each 
v E (vi,Vi + ii) there exist E Z and such that ip v (xk 0 ) = (2/co + l)f 

and ip' v (xk 0 ) < 0. Lemma [3?7| thus implies linix-*— oo <Pv(x) = —oo, which contradicts 
the results of the preceding paragraph. Consequently, there exists E Z such that 
lim x ^oo v Vi {x) = £qtt+ ^ and thus each r Vi , i € N, is a solution of the (mo, mi)-BVP. □ 


Remark 4.3: (a) If r is a solution of the (mo,mi)-BVP, so is — r. Consequently, 

for each solution of the (mo, mi)-BVP with v > 0 there exists a second solution 
which is obtained from the original solution by reflection on the x-axis. 

(b) The present approach allows to treat the BVP considered by Bizon and Chrnaj 
in [3] (see Subsection |2.3[ ) and the (mo,mi)-BVP in a unified way: the ODE for 
the Hopf construction reduces to ODE investigated by Bizon and Chrnaj if we 
choose p = q = fi = X = m and a = r. Following |3] we introduce the function 
W : M — > M, x i-)- \h'{x ) 2 + ^ sin 2 h(x ), where h : M — > M is given by h = r — 
Similar as in the present section we may now prove the existence of an infinite 
family of harmonic self-maps of § m+1 for 2 < m < 5. 


5. The cases m 0 > 6 

In this section we prove Theorem C, i.e., we show that for m o > 6 , the nodal number 
of the solutions r v , v E M, of the (mo,mi)-ODE is bounded. This explains why for 
mo > 6 we cannot proceed analogous to the cases 2 < mo < 5 in order to construct 
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infinitely many solutions of the (mo, rri\ )-BVP. Note that this is not a statement about 
nonexistence, since there might be other ways to construct (infinitely many) solutions 
of the (too,toi)-BVP for mo > 6. The following question remains open. 

Question 1: If mo > 6, do there exist more solutions of the (too, toi)-BVP than r(t ) = 
±t? If the answer is affirmative, how do you prove there existence? 


Strategy for proving boundedness of the nodal number. Recall that the function 
p v (x) = r„(— x) — | satisfies the (toi,toq)-ODE. We introduce the continuous function 


3.2 


the limit 9 V ( oo) = 
mo,mi)') is well-defined. 


9 V : I -» M, x i-)- arctan , where I = [—d + 0 mi , oo). By Lemma 
lirn^oo 9 v (x ) exists and is finite and thus Lt v = —^(9 v (oo)—9 v (—d, 

will henceforth be referred to as winding number of p v . Lemma [3.7| implies that the 
difference between 9l(r v ) and [fiij is at most one. Hence to prove that 9l(r v ), d£R, 
is bounded from above by an integer which depends on m o and mi only, it is sufficient 
to show the same for instead. In order to prove this, we consider the linearized 
(mi, mo)-ODE. Similarly as above we associate a winding number Ql to this linearized 
differential equation and prove that Ql is larger than [HdJ • Finally, we show that VLl is 
bounded from above by a constant which only depends on mo and mi and thus establish 
the claim. 


Proof that the nodal number is bounded. The following two lemma are the main 
ingredients for the proof of Theorem C. As indicated above, we start by considering 
the linearized (mi,mo)-ODE and prove that its winding number is an upper bound 
for the winding number of the (m-i, mo)-ODE. Below let pl be a solution of the linear 
differential equation 

(5.1) Tl( x ) ~ a m 1 ,m 0 (x)p' L (x) + rriQip L (x) = 0. 

Furthermore, we introduce the continuous function 9l : I —> M by #l(.t) = arctan 

Lemma 5.1: Let mo > 6. 

(i) ForveR with 9 v (-d+ omi )>9 L (-d+ om J we have 9 V > 9 l on I. 

(ii) The limit Ymix^aa 9l{x) exists and is finite. 


Proof. We start by proving the first part. Its proof is similar to that of Lemma 6 in [3]. 


By (3.2) we obtain 


9' v (x) = - sin 2 9 v (x) + \a miimo {x) sin 26 v {x) - 2/3 mi|mo ( x) cos 2 9 v (x) ■ 


Similarly, ( |5.1[ ) yields 

(5.2) 9' l (x ) = — sin 2 9l(x) + \a mitrno (x)s\n29 L {x) - m 0 cos 2 9 L (x). 

Consequently, u := 9 V — 9 l satisfies u'(x) = si(x)u(x) + S 2 (x), with 

l „\ sm2e v {x)-s\n2e L (x) , / ^ A i sin 2 6>„Qr)-sin 2 q l (x) 

~ 2 «mi,m 0 W 9 v (x)—0 l (x) V n 0 O v {x)-0 L (x) ’ 

iin 2 tp v (x 
2(f v (x) 


S 2 (x) = (m 0 - 2/3 mi;mo (x) su ^K x) ) cos 2 9 v (x). 
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Variation of parameters yields 

u(x) = exp(F(x)) ( f + s 2 (C)exp(-F(^))d^ + c 

\ d m Q ,rni 

where F(x) = f* d + si(£)d£ and c£l. The condition «(—d+ 0>mi ) > 0 implies c > 0. 
Since S 2 > 0 we get u(x) > 0 for all x > — d+ o mi , completing the proof of the first part. 

Below we prove the second claim of this lemma. Introduce the function h : M 2 — > M 
by h(t, x) = — sin 2 1 + ^a mi:Tno ( x ) sin 2 1 — mo cos 2 1. For xq ■= artanh( 4 ™ ) an d 
to = —arccos(— ~^= ) we have h(to,xo) = 0. Since sin 2to > 0, a m ,. mo ( x 'o) > 0 and 
i s strictly increasing, we get 

(5.3) /i(to + kir, x) = h(to, x) > h(to,xo) = 0 for all x > xq, k € Z. 



Either #^(x) < 0 for all x > xq or there exists x\ > xq such that 9' L {x\) > 0. In the first 


case (5.2) and (5.3) imply that 9l is bounded. Hence the limit lim x _ s . 00 9l(x) exists and 
is hnite, whence the claim. In the second case either (a) 0' L (x) > 0 for all x > xi, or (b) 
there exists a point X 4 > x\ such that 0' L (x 4 ) < 0 . 


Since /i(| + kir, x) < 0 for k Gand x > xq , differential equation (5.2) implies that 9l 
is bounded in case (a). Consequently, lim^oo 0 l { x ) exists and is hnite. On the other 
hand (b) cannot occur: since 0' L is continuous there exist X 2 ,X 3 £ (x\,X 4 ) with X 2 < x 3 


such that 9' L {x 2 ) > 0, 9' L (x 3 ) < 0 and 9l(x 2 ) = 9l(x 3 ). Using differential equation (5.2) 
we find that 0' L (x 2 ) > 0 implies sin 20 £(x 2 ) > 0. Since (x miiTno (x) is positive for x > xo 
and increasing we get 

0 < 0' L (x 2 ) = - sin 2 9 l (x 3 ) + ^a mi>mo (x 2 ) sin 20 L (x 3 ) - m 0 cos 2 6 > L (x 3 ) < 6' L (x 3 ) < 0 , 


a contradiction. 


□ 


The preceding lemma implies that VLl = —^(#l(oo) — $l(— mi )) is well-defined. 


Lemma 5.2: Let mo > 6 . 

(i) For »£l with 0„(-d+ Oimi ) = 9 L (-d+ omi ) we have Q v <Q L . 

(ii) Ql is bounded from above by a constant which only depends on mo and m\. 


Proof. We start by proving (i). The first part of Lemma [5.1| implies 9 V — 9l > 0 on I 
which is equivalent to the inequality 


~l{9 v (x) - 9 v (-d + 0tmi )) < -±(0l(x) - 0 , mi )) 

for all x > —df lg m] . Hence we get fi v < fl l which establishes the claim. 


Next we prove (ii). The differential equation (5.2) yields l\ < 9' L (x) < h where 
l\ = — |(2mo + mi + 1) and l 2 = )>( m o — !)• Hence 


(5.4) 


{x + < 0l(x) 9l{ + ^mo,mi )^2 


for iGK, Let xq G M be as in the proof of Lemma |5.1| Then either 

(a) 9' t (x) < 0 for all x > xq, or 

(b) there exists x± > xq such that 0' L (x) > 0 for all x > xi and 0' L (x) < 0 for xq < x < xi. 
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In case (a) the proof of Lemma pTT| yields \9l(xq) ~ @l(x) |< 7 r for x > xq. Combining 
this inequality with (7.7) applied to x = xq we get 

(*o + d^ 0imi )h ~ vr < 0 L (x) - 9 L (-d^ mi ) < (x 0 + d^ mi )h + vr for all x > x 0 . 

Taking the limit as x approaches infinity we obtain 


-1 - £(®0 + dmo,mi)^2 < Ml < 1 - £(®0 + d+, )tni )Zl. 

Since the right hand side of the previous inequality obviously depends on mo and mi 
only, this establishes the claim in case (a). 

In case (b) the proof of hemina {5Tj implies \9l{x ) — 9l(x o)|< 7 r for xo < x < x\. Fur¬ 
thermore, since /i(| + kn,x ) < 0 we have | 9l{x) — 9l(x i)|< 7 t for x > x\. Consequently, 
| 9l(x) — 9l(x o)|< 2ir for all x > xq . Now proceed as in case (a). □ 


Finally, we are now ready to prove Theorem C. 


Theorem 5.3: For mo > 6 the nodal number of r v , is bounded from above by a 

constant which only depends on mo and m\. 

Proof. Choose <^(-<4. 0 , mi ) and such that 9 v {-d+ 0jTni ) = 9 L (-d+ 0}mi ). 

Consequently, fh(r w ) < + 1 and Lemma(72] imply 

< \jd v j +1 < +1 < Nq +1, 

which establishes the claim. □ 


Remark 5.4: The estimates used in this section are not optimal. For example the 
bound on 9l in the proof of Lemma [5.2| can easily be improved. 

6. Behaviour for large initial velocities 

Throughout this section let mi > mo > 2, r v : M — > M as in Leirima |3.2| and set 
Pv = fv ~ f • We show that the solutions r v of the (mo, mi)-BVP converge to a limiting 
configuration as v goes to infinity, namely, for large enough initial velocities r v becomes 
arbitrarily close to ^ on each open interval in (—oo, oo). As a byproduct we prove that 
for 2 < m < 5 there are infinitely many solutions of the (m, m)-BVP with nodal number 
zero. 

The following two lemma are used in the proof of Theorem D. In the next lemma 
we show that for every interval of the form [ xq , d “ 0 mj> tlm energy mi becomes 
arbitrarily small on this interval if we chose the velocity v to be ’’large enough”. 

Lemma 6.1: For e > 0 and xq < d,f lQ m| there exists vq > 0 such that V^ mi (x) < e 
for x 0 <x< d morn] and v>v 0 . 

Proof. From lim 3; _ > ._ 0O r' v (x) = 0 we have that there exists x\ < d“ Q rni such that 
r' v (x ) 2 < e for x < x\. Furthermore, by the proof of Lemma3.3 in HU we get 

(6.1) lim ip v (x — logu) = ip(x) 

V^OO 

for all x £ M, where ip : M —>• M denotes the unique solution of 

ip"(x) + (mo — l)^(x) + *mo sin2^(x) = 0, 
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satisfying tjj(x) — —|+exp(x) as x —>• —oo. From [TI] we further have lim^oo ifi(x) = 0. 
Consequently, for a given eo > 0 there exists X 2 E R such that 2 |^(x 2 )|< eo- By ( |6.1[ ) 
there exists an vo E R such that \ip v {x 2 — logu)|< eo for all v > vo- Since /3 mo ,mi is 
bounded, we can choose eo > 0 so small that 

2\/3m 0 ,m 1 (x2 - log v) sin 2 ip v (x 2 - logu)|< e 

for all v > vo. We may assume that vq is so large that X2 — logwo < min(xo,xi). Thus 
we get V^ Q mi {x 2 — logu) < e for v > vo- Since mi decreases strictly on the interval 
(—oo, d” m J this implies the claim. □ 

Following the proof of Lemma4 in [3j we show that (ip v (x), (p' v (x)) stays close to zero 
for bounded x > m 1 provided that v is chosen large enough. As in |3] we introduce 

the distance function p v : R — > R, x i-)- yj ip v (x) 2 + <p' v (x) 2 , which satisfies p v > 0 by 
Lemma l3.2l 


Lemma 6.2: For any xq,x\ E R with xq < x\ and t] > 0, there exists vq E R such that 
v > vo implies p v (x) < rj for xq < x < x\. 


Proof. The (mo,mi)-ODE implies 

p v {x)p' v {x) = ip v (x)ip' v (x) + a mo , mi {x)ip' v (x) 2 + 2/3 m0imi (x) sl ^v(x) p v ( x )p' v (x) 

< (mi + l)\ip v (x)ip' v {x)\+{mi - l)ip' v (x) 2 < cp v (x) 2 , 

where we use <p' v {x ) 2 < p v (x) 2 , 2\ip v {x)iff v (x)\< p v (x) 2 and set c = ^(3mi — 1). Thus 
P p v ^ < c. Integrating this inequality from a given T_ < min(xo, d“ omi ) to a point 
x > T_ yields 

(6.2) p v (x) < exp(c(x - T_))p v (T-). 

Lemma |6.1| guarantees for every e > 0 the existence of a velocity v\ > 0 such that 
Vff;’ Q rn| (T-) < e for all v > v\. Since for x < dm 0jmi both summands in the definition of 
Vm 0 ,mi( x ) are positive we get 

\ ( Pv(T~)\< \f2e and sin 2 ^(T_) < 

for all v > v\. Since v > 0 Theorem |3.11| implies p v (T_) becomes arbitrarily small if e 
converges to zero. Consequently, for any T + > max(xi, d “ 0 mi ) and rj > 0 there exists 
a velocity V 2 > 0 such that 


Pv(T-) < exp(-c(T+ - T _))?7 


for all v > V 2 - Substituting this into (6.2) yields p v (x) 
v > vq := max(ui, V 2 ), whence the claim. 


< 77 for TL < x < T + 


and 

□ 


We are now ready to prove Theorem D, i.e., that for each xq E R there exists a velocity 
vo such that r v becomes arbitrarily close to ^ on the interval (xo,oo). 

Theorem 6.3: Let p v be the distance function associated to a solution r v of the ( mo , mi)- 
BVP. For e > 0 and xo E R there exists vq E R such that p v (x) < e for x > xo, v > vq . 
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Proof. Since lim^^oo a mo , mi (x) = m\ — 1 and a mo , mi is strictly increasing there exists 
xq G M such that a m0}mi (x) > mi 2 ~ 1 for x > xq. Moreover, since \im. x ^ ) . 00 = 

for each 0 < A < 1 there exists x\ G M such that /3m 0 ,m,(x) > A^ for x > xi. Set 
T = max(xo, xi, d+ 0 ,m,)• Lemma [6^2| implies the existence of r>o G M such that p„(x) < e 
for d“ 0 ,mi < x < T and v > vq. In particular |</?„(x)|< e for u > Vo and d“ 0 ,mi < x < T. 

Let fi G (0,1) and A > /i be given. Since WJJJ' mi (T) > A ^ 1 sin 2 r\,(T) we can assume 
that 0 < e < | is so small that \tp v (T)\< e for v > vq implies W^ Qmi {T) > for all 
v > vo■ Since lim^oo Wf^ omi (x) = ^ and Wf^ omi increases strictly on the interval 
[T, oo), we get 


(6.3) 0 < W^ hmi (x) - W^ m] (T) < (1 - ^ for all x>T,v> v 0 . 

Let 5 G M with |<5|< be given. Furthermore, consider a fixed /i with 

max(i(l + sin 2 <5), 1 — \(mi — 1)(1 — sin 2 <5)eo)) <//<!. 


In what follows we assume r v (x 3 ) = /co 7 r + <5 for an ko G Z, X 3 > T and an v > uo- Hence 
we obtain W^ omi (x 3 ) = |r(,(x 3 ) 2 + An 0 , mi (x 3 ) sin 2 5 > |mi// and thus 

sC”o , mi (. x s) > > (mi - 1 ) P m0jTni (x 3 ) sin 2 <5) 

> 5 (mi — l)mi(l — sin 2 5). 


Lemma 3.4 and Lemma 3.9 imply that the absolute value of the second derivative of 
Wff 0 mi is bounded. Consequently, there exists an eo > 0 which depends only on 5, mo 
and mi such that fj x Wfl’ Q mi (x) > |(mi — l)mi(l — sin 2 5) for x G [x 2 ,X 2 + eo]. Thus 


W' 


mo,mi' 


(x 3 +e 0 )-W^' (T) > (x 3 +e 0 )-W£f (x 3 ) > ^(mi-l)(l-sin 2 <5)e 0 


On the other hand inequality (6.3) implies 

, (®3 + e) - Wmn.mi ( T ) < (! - < qr( m i -!)(!- sin 2 «5)e 0 . 


HA 


mo,mi' 


Hence a point x 3 G M with the properties stated above cannot exist. 

Since |<^„(x)|< e for v > vo and d “ 0 mi < x < T we have: for ko = 0 and 5 = § — e, 
there exists an Vq such that r„(x) > ^ — e for all v > Vq and x > T. For ko = 1 and 
d = — (§ — e), there exists an Uq such that r„(x) < § + e for all u > v q and x >T. Thus 
| (p v (x)|< e for all v > v\ := max^g, Up) and x >T. 

Let 0 < A < ! 2 . By applying the preceding considerations to Ae instead of e, there 
exist T G M and v\ G M such that |r„(x) — ||< Ae for all v > v\ and x > T. We may 
assume that A and T are chosen such that (mi — 2 f3 mo>rni (x) sin 2 r„(x)) 2 < | for v > v\, 
x > T. Since mi is increasing on the interval [T, 00 ) and Hindoo W£f 0 mi (x ) = 
for any solution r v of the (mo,mi)-BVP, this implies \r' v (x)\< § for v > v\, x > T. 
Consequently, p v (x) < e for v > v\, x > T. Combining this result with Lemma | 6 . 2 | 
establishes the claim. □ 


Below we apply the above theorem in order to prove that for 2 < m < 5 there exists 
an infinite family of harmonic self-maps of § 2m+1 with nodal number zero and thereby 
establish Theorem B. 
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Theorem 6.4: Let m = m o = m\. For 2 < m < 5 there exist an infinite family of 
harmonic self-maps of § 2rn+1 with nodal number zero. 


Proof. By Theorem 4.2 there exists a countably infinite family of solutions of the (m, m)- 
BVP. If we reflect each member of the infinite family on the point (0, ^), we obtain again 
an infinite family of solutions of the ( m , m)-BVP. Indeed, if r is a solution of the (m, m)- 
ODE, so are the functions defined by x e->- Cfc+W _ k G Z. 

Theorem |6.3| implies that for e > 0 there exists an vq E M such that |r^(x) — ||< e 
for all solutions r v of the (m, m)-BVP with v > vo and x > m . For a solution r v of 
the (m, m)-BVP we denote by s„ the solution which we obtain by reflection of r v on the 
point (0, |). Hence |s„(x)|< e for all solutions s v of the (m, m)-BVP with v > vo and 
x < —d~ i m = Lemma [3?r| implies yi(s v ) = 0. 

The claim follows as soon as we know there exists infinitely many solutions s v of 
the (m, m)-BVP with v > vo- This is an easy consequence of Theorem |4.2[ set ak = 
inf{c | y\(r v ) > k whenever v > c} which is well-defined by Lemma |4.1| Clearly, is an 
increasing sequence. If A = lim^oo < oo then fU(r w ) = oo for v > A. However, 
Lemma |3 . 7| implies that each r v has finite nodal number. Consequently, lim^oc ak = oo 
and thus the proof of Theorem |4.2| implies that if 2 < m o < 5 for each vo E M there exist 
infinitely many solutions of the (mo, m-i)-BVP with v > vq. □ 


Application: infinite families of harmonic self-maps of the special orthogonal 
group. By Theorem 6.2 in [15] any solution of the (m,m)-BVP yields a harmonic self¬ 
map of SO (m + 2). Thus Theorems|4.2| and 6.4 imply the following result, Theorem G. 


Theorem 6.5: For each of the special orthogonal groups SO(4), SO(5), SO( 6 ) and SO(7) 
there exists two infinite families of harmonic self-maps. 

Proof. While the solutions constructed in Theorems |6.4| all have nodal number 0, only 
one member of the infinite family constructed in Theorem |4 .2 1 has nodal number 0. Thus 
there are two families of harmonic self-maps of SO(m), 4 < m < 7, which have at most 
one element in common. □ 


7. Restrictions on the Brouwer degree 

In the first subsection we prove that the Brouwer degree of each solution r of the 
(mo, mi)-BVP with mo > 2 is either ±1 or ±3. In the second subsection we show that 
the Brouwer degree of r v is given by ±1 if we chose v ’’sufficiently large”, i.e., for all 
mo, mi 6 N with mo < m\ there exists a velocity vq such that the Brouwer degree of 
each solution r v of the (m 0 ) m i)-BVP with v > vq is given by ±1. Throughout this 
section we assume that r satisfies the (mo,mi)-ODE. 

7.1. Possible Brouwer degrees of the solutions r of the (mo, mi)-BVP. The next 
lemma provides several estimates which we use in the proof of Theorem E. Introduce 
the abbreviations R mo , mi = d+ 0jmi - and L mo , mi = - d~ Qjmi . 

Lemma 7.1: For mo >2 we have 

(a) Rm 0 , mi < artanh ( 8m 5 o _ 3 ) for all mi > max(m 0 ,4), 
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(b) y/mjLmo^ < y/rnf artanh{ ^ Q _ A ) < § for all mi > m 0) 

(c) L m0}mi > artanh( 16 mQ 1 J h ( ff ^ ) for all mi > 3m 0 - 4. 

Proof. Replacing m\ with a real number we can consider d + ,d~, Z a and thus R and L 
as real valued functions on N x I for a suitable interval /, e.g., Zff QX = artanh() 
for i£R with x > mo- 

Proof of (a): using the addition theorem for the hyperbolic tangent function we 
prove that the function h mo : [?no,°o) —> M, x H > R m0iX increases strictly on the in¬ 
terval [max (mo, 4), oo). Since linx^oo h ma (x) = artanh( 8m ^_ 3 ) we obtain i? m0i)7ll < 
artanh( 8m ^_ 3 ) for all mi > max (mo, 4). 

Proof of (6): for f mo : [mo,oo) ->• M, x y/moL m0jX we have f' mo (x) > 0 for 
mo < x < 3mo — 4, f (3mo — 4) = 0 and f' mo (x) < 0 for x > 3mo — 4. Hence 

fmo(x ) < fmo (3mo - 4) y/mf) L mo x < y/mf) artanh ^^J for x > m 0 . 

The right hand side of this estimate is decreasing in mo and smaller than ^ for mo = 2 
and therefore smaller than for all mo > 2. 

Proof of (c): f' mQ {x ) < 0 for x > 3m 0 -4 and lim^oo f mo (x) = artanh( ^ ) 

yield the claim. □ 

Next we prove the following extended version of Theorem E. 


Theorem 7.2: Let r be a solution of the (rriQ,m\)-BVP with mo > 2. Then there exists 
4 £ {—1, 0,1} such that (24 — 1)^ < r(x) < (24 + l)§ for all x > d^^. Furthermore, 
lim^oo r(x) = or lim^oo r(x) = ±4^ and the Brouwer degree of the self-map if r 

0 f § m o+ mi +i ^ s Qr 


The strategy of the proof is as follows (considering the picture at the beginning of 
Section[3] helps to understand the idea): 


3.11 


there exists a constant d mo mi 6 


By Theorem 

7T or —7r < r{x) < 0 for all x < d morni . 
By Lemma [3?7| there exists an integer £ 
(24 + l)f for all x > d+ 0i7ni 


such that either 0 < r(x) < 
0 6 Z such that (24 — 1)§ < r(x) < 


• Since the first derivative of r is bounded we find |r(d“ 0 , mi ) — i"(d^ nQ mi )|< 
which implies 4 £ {—1, 0,1}. By Subsection[l] the Brouwer degree of r can thus 
only attain the values ±1 or ±3. 


Proof. By Theorem 3.11 either 0 < r(x) < 7 r or — n < r(x) < 0 for all x < d, 


mo,mi ■ 


Furthermore, Lemma 3.4 and Lennna [3i9| yield 
\ r ( d m 0 ,mi)\< VT + \/h 4 L mo , m i + sjmi + 1 (Z^ 


mo,mi ^mo,mi 


) + yfm. (4 0 ,mi ^mo,m\i 


For each 2 < mo < 5 let rn™ ax £ N be such that |r(d+ omi )|< for all mi with 
mo < mi < mf iax . The following table gives m , 1 raax for 2 < mo < 5. Next we sharpen 
the above estimate for |r(d+ 0imi )| by improving it on I = [Z° 0>mi ,d+ 0jTril ]. We may 
assume r(Z" 0 , mi ) > 0 and r'(x) > 0 for x G I, or similarly for — r, since otherwise the 
estimates become even better. Below we assume the first possibility. 
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mo 

2 

3 

4 

5 

r^max 

11 

4 

27 

60 

106 


Table 1. rri\ nax for the cases 2 < mo < 5 


The (m 0 ,mi)-ODE yields r"(x) < a m{l ,mi(^, ra i)r'(i) - /3 mo ,m 1 {x)sm2r(x) for all 
x € I. By integrating once we thus obtain 


(7.1) r'(x) < + a mo ,m 1 (4,m 1 )( 7 'W - K Z m 0 ,mi)) 


/^mo, 777,1 (0 sin 2r(£)d£. 


3.9 


and Lemma [7dj imply r(Z^ orni ) < 7r + y/nio L m0tmi < ^. In what follows 

f nf - 1 V» mrinln n vi T mi /-iVi 4- In n 4" /k* (m\ - 3 7T n X-. d rxrt (\ / 377 f/n in nil 


Lemma 

we assume that there exists an xq E I such that r(xo) = and r(x) < for all 


X E I 0 = [^mo.mii^o] • Consequently, 
r'(x) < r'(Z“ 0)TOl ) + a mo , mi (d+ 0)mi )(^ - r(^ 0>mi )) - 


- / m,Q ,mi 


fimo,mi{£)d£ —: A, 


for all x E Io- Thus r{x) < r(Z" omi ) + A(x — ^m 0imi ) for x E Iq. Therefore (7.1) yields 




J mQ ,m i 


(3mo,mi m 


mg 


for x E Io- By integrating we thus obtain the following inequality for all x E Io 
(7.2) r(x) < r(Z" o mi ) + r'(Z“ o mi )(x - Z“ Q mi ) + ia mo , mi (d+ o mi )7l(x - Z^ Qmi ) 2 


- (®-C mi ) 


-'rriQ ,mi 


Pmo,mi (£R- 


In what follows we show that the right hand side of (7.2) is smaller than ^ for all x E I, 


which contradicts the existence of xo: the both inequalities — \ < ^m 0 ,mi(^ Gmi ), 
Pmo,mi (^m 0 ,mi) ^ 2 an d the f ac t that 3 increases strictly imply |/3 mo , mi (x)|< ^ for 
x E I. Thus 


/3mo,mi — 2 Bmo, 


mi • 


mg ,m i 


Since the right hand side of (7.2) is strictly increasing in x it is sufficient to prove 
r ( d m 0 , mi ) < IT- Using a mo , m i(d+ 0)mi ) < | and A > 0, inequality (7.2) implies 


r ( d mo,mi) — r (^mo,mi) "b y /^0 Rmo,mi T 2 4^)- 

By Lemma [3U| and the above considerations we have 

(7.3) < V"h) + f (if — r (^m 0 ,m 1 )) + 2 Rma,mi- 
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Combining the two preceding estimates we get 


L )(i -£r 2 


2 ^ ±L mo,mi ) 

5 r=r i 3rr5 2 


+ -pf -d’m o.mi; 


7.1 


(7.4) r {d mo rni ') < \/wo ^nrn.mi + ? 

+ i-^m 0 ,mi( 1 + fv / ^0 + 2 5 

the coefficient of r(Z" Q mi ) is non-negative for mi > max(mo,4). Fur- 
mo,mi) < 7T + artanh (57^) < Therefore 

mo,mi; — T 2^m.o,mi ~f" 4 x/^0 H Jp - 

- |^V»fo artanh ( 3mo-4 ) + ^ artanh ( 3 ,^- 4 )~ 


By Lemma 

thermore, Lemma[7. l| implies r(Zj 


K d m, 


Case 1: mo > 3. Since in the preceding inequality the expression in the bracket after 

yields 


d2 

■^777-0,7711 


is non-negative, Lemma 


7.1 


Kdmo.mi) ^ = + \/too artanh( 24m 2 Q 3 _ 17 ) + |artanh(g^^T_ 5 ) 2 (l + f^/mo + ^ 

- gV^o artanh ( 5717=4) + ^ artanh ( 8177=3)) 
for mi > max(mo,4) and mo > 3, where we also use the addition theorem for artanh. 
From r(d^ mi ) < ^ and the fact that the right hand side of the preceding inequality 
is decreasing in mo we get r{d^ rlQ mi ) < T" f°r m o > 3 and mi > 4, which contradicts 
our assumption. Hence there does not exist a point xo G I with r(x 0 ) = yf • Similarly, 
we prove that there cannot exist a point ii S I with r(aq) = — We thus obtain: for 
mo > 3 there exists G {—1,0,1} such that (2£o — 1)| < r(x) < (2£o + l)f for all 
X > dm 0imi - Note that the case mo = mi = 3 is covered by TablejlJ 
Case 2: mo = 2. In what follows we restrict ourselves to mi > 4 since Table[l] covers 
the cases mi = 2 and mi = 3. 

First we assume r(Z^ mi ) < 7 r. By ( |7.3[ ) we have A < a/2 + |(^ - r(Z^ mi )) + |i?2,mi- 
Thus r(d^ mi ) < r(Z$ mi ) + AR 2 ,mi yields 

r (^mi) — r (^2,mi) + (V2 + |(^- — K^mJ) + 5-^2,mi) 7?2,m! • 

One proves easily that the resulting coefficient of r(Z 2mi ), namely 1 — |i? 2 ,m.i) is non¬ 
negative for all mi > 2. Thus we may assume r(Z(? mi ) = 7r. Consequently, 

r (^mi) < 7T + (a/ 2 + |f + ^772,mi)7?2,mi- 

Using part (i) of Lemma[7T] we get r(d^ mi ) < for all mi > 4. However, this 
contradicts our assumption that there exist a point xo £ I with r(x o) = . 

Next we assume r(Z 2mi ) > 7r. Since linx^-oo VJ^^x) = 1 and UJm, decreases on the 
interval (—oo,Z 2m J we have 

(7.5) r'(x) 2 < 2 + 2/3 2 ,m 1 (x)cos 2 (r(x)), 

for all x G (—oo, From this we obtain an upper bound for r'^Z^ mi )- 

We may assume r(Z 2mi ) = 7 r + x/2L 2 ,mU suppose that r(Z 2mi ) attains a smaller value 
r( z 2,mi) between tt and i.e., r(Z% mi ) = r(Z£ mi ) + Ar with tt < r(Z£ mi ) < ^ 
and Ar > 0. Since /3 2 jmi (Z“ ) < 0 the upper bound for r'{Z% mi ) becomes smaller, 
while H increases by a 2 i mi(d 2 ~ mi )Ar. If we neglect the fact that the upper bound 
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for r'(Z 2 mi ) becomes smaller, the right hand side of inequality (7.2) changes by c := 
(l a 2 ,mi(^mi) i? 2 ,mi — l)Ar. Since 02 , 7711 (^ 2 "^) < | for all mi > 2, the first statement 
of Lemma [7. 1 1 implies c < 0 for mi > 4. In other words, in these cases the estimate (7.2) 
becomes even better. 


Plugging r(Z% mi ) = vr + y/2.L 2 , mi into (|7.5[) and using Lemma 7.1 (ii) we obtain the 


inequality \r'(Z^ mi )\< u mi , where u mi := (2+ cos 2 (artanh(^)\/2)) 2 . 

We now proceed similar as above, where we use the estimate |r , (Z2m 1 )l— V instead 
of \r'(Z^ mi )\< \[2. Consequently, instead of (7.4) we obtain 


r (^mi) — u m 1 R2,m 1 ~~ + 2^2,mi (1 + f U m 1 + 

Next we find an upper estimate for r(Z^ mi ): we may assume r’ > 0 on Ii = m J 

since otherwise the estimates become even better. From r' < y/2 on Ii and Theorem |3.1l| 
we deduce r(x) < 7r + y/2(x — ) for all x 6 h. Hence (7.5) implies 


r'(x) < (2 + 2/? 2 ,mi cos 2 (v / 2(x - d 2 ,mi))) 2 =: VW 


for all x E h- This result together with Theorem 3.11 implies 


r ( z 2 , mi )<7T+/_ v mi {x) dx =\ w mi . 

Substituting this into the preceding estimate for r(d^ m] ) yields 

r (^mi) — u m 1 R2,mi ~\~ W m 1 + |R 2>mi (IT |u TOl + -b 7^R2,mi ~ 

Since the expression in the bracket after is positive for all mi > 2 we can apply 

Lemmal7.ll and thus obtain 


r ( d 2,m 1 ) ^ 'Wmiartanh(A) + Wr 


+ 2artanh(A) 2 (l + | Umi + + ^- ar tanh(A) _ ^w mi . 


For mi = 3 the right hand side of this inequality is smaller than Furthermore, it 
is decreasing in mi. Consequently, we get r(d^" mi ) < ^ for mi > 3. However, this 
contradicts our assumption that there exist a point xo E I with r(x o) = 

Since the case ?no = mi = 2 is covered by Table[l] we thus obtain: for mo = 2 and each 
mi > 2 there exists an integer £q 6 {—1,0,1} such that (2£q — 1)| < r(x) < (2 £q + l)f 
for all x > d+ o m] . □ 

Remark 7.3: The result of Theorem |7.2| is optimal in the sense that numerical re¬ 
sults show that for each £q EE {—1,0,1} there exist solutions of the (mo,mi)-ODE with 
lim^^-oo r{x) = 0 and (2£ 0 — 1)| < r(x) < (2£ 0 + 1)| for x > d+ o mi . However, we 
only found solutions with lim^^oo r(x) = =t|, i.e., solutions with Brouwer degree ±1. 


Question 2: Do all solutions of the (mo,mi)-BVP have Brouwer degree ±1? 
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7.2. Brouwer degree for large initial velocities. In what follows we show that 
the Brouwer degree of r v is given by ±1 if we chose v ” sufficiently large” and thereby 
establish Theorem F. 


Theorem 7.4: For m\ > 2 there exists vq > 0 such that each solution r v of the 
( mo,mi)-BVP with v > vo has Brouwer degree ±1. 

Proof. Let T be as in the proof of Theorem 6.3 e > 0 and p £ [^, 1). Lemma [6 .2 1 implies 
the existence of vq E 


such that v > vo yields p v (x) < e for d mo mi < x < T. Thus 
\ip v {x)\< e for v > vo and d“ 0 , m i < x < T. 


(7.6) 

Furthermore, the proof of Theorem|6.3| yields (T) > p^ for all v > vq and 


(7.7) 


W. 


mo ,7711 ' 


(x) - Wff m AT) < (1 - M)yr for all x > T, v > v 0 . 


In what follows we may assume e < it. Hence by combining inequality (7.6) and 
Lemma [3.7| we have that each solution r v of the (mo,mi)-BVP with v > vq satisfies 
either (i) lim 2 ,.^ 00 r„(x) = ^ or (ii) lirn^oo r„ (x) = - f or (iii) lim^ 00 r„(x) = f. 

Below we prove that the first two cases cannot occur if the initial velocity is chosen 
big enough: let v > vq be given. By (7.6) the choice e = f yields 0 < r v (T) < n. 
Assume either (i) or (ii). In each of theses cases there exist X 2 > T and ko E {0,1} such 
that r v (x 2 ) = k 0 7T. By LemmapL3|we get \r' v (x 2 ) 2 = Wff (x 2 ) > W% (T) > p 7 -f±. 


Hence 


S^irnfe) = Um 0) mAx 2 )r' v (x 2 ) 2 > 1} . 


Lemma 3.4 and Lemma 3.9 imply that the absolute value of the second derivative of 
W% mi is bounded. Consequently, there exists an point X 3 > x 2 which depends on p, 
mo and mi only such that 


■pW 

dx " mo,mi ' 


,(x)> M =a^ 

for all x E [x 2 , X3] . Thus integrating yields 

C” 0 ,m>3) - ^m 0 ,m 1 (x 2 ) > p ™^™ 1 ^ (x 3 - X 2 ) > 0. 

Therefore we have 

W% 0 , mi (x 3 ) ~ W^ >mi (T) > W^ mi (x 2 ) - W^ mi (T) + /i mi( "r 1} (x 3 - x 2 ) 

>//^^(x 3 -x 2)>0 . 

Clearly, there exists a constant c E K. such that x 3 — x 2 > c > 0 for all p E [^, 1). If we 
choose p sufficiently near to 1 we thus obtain a contradiction to (7.7). □ 
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